
Wave Equation – Separation of Variables
Math 330

1. The motion of a string held taught with fixed endpoints is modeled by:

PDE:
∂2u

∂t2
= c2

∂2u

∂x2

Boundary Conditions: u(t, 0) = u(t, ℓ) = 0

Initial position: u(0, x) = f(x)

Initial velocity:
∂u

∂t
(0, x) = g(x)

(a) Use separation of variables to solve the wave equation. Assume that u(t, x) = w(t)v(x) and
produce two ordinary differential equations.

(b) Which of your ODEs gives a boundary-value problem? What are the associated eigenvalues and
eigenfunctions?

(c) With the eigenvalues in hand, solve the other ODE.

(d) Apply the principle of superposition to write the series solution to the wave equation with the
given boundary conditions.
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2. Suppose ℓ = 2, c = 1, f(x) =

{
x, 0 < x < 1

2− x, 1 ≤ x < 2
, and g(x) = 0. Solve for the coefficients and plot

the solution for several values of t.

3. Suppose ℓ = 3, c = 1,

f(x) =


x− 1, 1 < x < 3

2

2− x, 3
2 ≤ x < 2

0, otherwise

,

and g(x) = 0. Solve for the coefficients and plot the solution for several values of t.
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4. Rather than fixing the ends of the string, suppose we loop the ends around two frictionless rods which
allow the ends to move up and down without losing energy. Now the system is modeled by

PDE:
∂2u

∂t2
= c2

∂2u

∂x2

Boundary Conditions:
∂u

∂x
(t, 0) =

∂u

∂x
(t, ℓ) = 0

Initial position: u(0, x) = f(x)

Initial velocity:
∂u

∂t
(0, x) = g(x)

Use the method of separation of variables to find the series solution to the wave equation with these
boundary conditions.
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5. Suppose ℓ = 1, c = 1, f(x) = x(1− x), and g(x) = 0. Solve for the coefficients and plot the solution
for several values of t.

6. Suppose ℓ = 3, c = 1, f(x) = 0, and g(x) =

{
1, 1 < x < 2

0, otherwise
. Solve for the coefficients and plot the

solution for several values of t.


