1. Show that if F' and G are any C? functions, then u(z,t)
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Wave Equation: d’Alembert’s Solution
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2. Consider the wave equation on an infinite string,

with initial conditions (0, z)

5?2
(a) Consider the spacetime variables £ = = + ¢t and n = x — c¢t. Show that the PDE u

transforms into
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(b) Integrate twice to show that
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= f(z) and %(0,3}) = g(x).

ng = 0 with these new variables.
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(¢) Transform your solution p(§) + g(n) back to the original coordinates x and ¢. Can you give a
physical interpretation of this solution?

Sine = x+ct  oad ')L-’— /x—d:/
dhe, solution becomes u(ﬁ,y} = '.Q(M—r(,JcS + c(}('x—d:).
W "

Wove 'H-auc,{.':j wove ""“’Vel"ﬁj
le,{:'(" P\Sk'\’

(d) Substitute your solution into the two initial conditions. Integrate the second expression from 0
to x. Use algebra to solve for functions p and q.

Il\;h"v( COV\A;'HO'\S‘- u(o, x\ = ‘F(Y} = P(x\ -HL(x) aad g%(o,x) c j(x)z C P(X\ 'ct(x.)

(e) Manipulate your expressions to arrive at the solution

x+ct
[f(x = ct) + flz+ct)] + 2% /_ () dr.

DN |

u(t,x) =

This is known as D’Alembert’s solution.
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3. Consider the following wave equation on an infinite medium (—oo < z < 00):

z, O<ax<l
Pu_ Ou (0,2) =4 2 1<z<2 8“(0 )=0
= u(0,x) = — —— U, z) =
o2 " 0x2’ ’ notsrss o G
0, otherwise

(a) Sketch what you think the solution should look like at t = 0,¢ = 1, and ¢t = 2 (without actually
finding the solution yet).

(b) Find d’Alembert’s solution to this wave equation.

(c) Use software to plot d’Alembert’s solution at t = 0, t = 1, and t = 2 to verify your earlier plot.

4. Find d’Alembert’s solution to the following wave equation on an infinite medium:

?u  10%u ou

w - 1@7 U(O,.T) - 07 a(oﬂx) = COs (ﬂ?)

Use software to plot the wave profile over time.



5. For each of the following wave equations on an infinite medium, sketch (by hand) the wave profiles at
t=0,t=1, and t = 2 without solving the equations. Check your sketch using software.

-1, -1<z<0

3211, 82u ou
@) 57 =520 w02 =41 0<z<l . H(0,2)=0
0, otherwise
u  10%u z, —l<zx<l1 ou
b) — =~ —, u(0,2) =< , —(0,2) =0
(b) ot 4022 (0,) {0, otherwise 8t( )



