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4. Now consider the differential equation

∂u

∂t
+ c

∂u

∂x
+ au = 0

where a is a positive constant and c is any constant.

(a) Introduce the change of variable ξ = x − ct as before. How does this simplify the differential
equation?

(b) Multiply your equation by the integrating factor eat. Show that
∂

∂t

(
eatv

)
= 0. What does this

imply about eatv?

(c) Let f(ξ) be a C1 function and suppose eatv = f(ξ). Solve for v and transform your solution back
to the original variables t and x.

(d) What initial value problem have you now solved? Give a physical interpretation for your solution.
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5. Find the solution to the initial value problem

∂u

∂t
+ 2

∂u

∂x
+ u = 0, u(0, x) =

1

1 + x2
.
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6. Consider the nonuniform transport equation

∂u

∂t
+ x

∂u

∂x
= 0.

(a) Sketch some slope lines tangent to the characteristic curves for this equation. What is the shape
of the characteristic curves?

(b) The characteristic curves are given by what functions x(t)?

(c) Suppose u(t, x) satisfies this differential equation. Describe in words how the graph of u(t, x)
changes as t increases. Optionally, you may assume an initial condition such as u(0, x) = e−x2

.

(d) Give an expression for the solution u(t, x).
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