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Fourier Series

Math 330

Download a copy of this notebook that you can run in Mathematica at https://www.ml-

wright.org/teaching/math330f19/other/fourier series coefficients.nb.

Throughout this file, Fourier series coefficients are denoted as follows:
. nrt = nrit
do+ ) ay cos(—x) +> by sin(—x)
n=1 L n=1 L
The formulas for the coefficients are:

1 1 nrt 1 nrt
ao=—Jif(x)dx, an=—ff(x)cos(—x)dx and bn=—Jif(x)sin(—x)dx for n>1
2L Jt L L L Jt L

1.f(x)=x
= FIX_] 2= X

The cosine coefficients a, are all zero since f(x) is an odd function.

The sine coefficients b, are:

n2i= b[n_] =
Simplify[1/L » Integrate[f[x] «Sin[n«Pi+x /L], {X, -L, L}], Assumptions - n e Integers]
2(-1)"L
ouer - ————
n

Plot of partial sum with L = 1:

nap= Plot[ {x, Sum[ (b[n] /. L - 1) «Sin[nPixx], {n, 1, 1000}]},
{x, -3, 3}, PlotRange -» {-1.5, 1.5}]

15¢ /
1.0
05

Out[4]= L y I I y I



https://www.mlwright.org/teaching/math330f19/other/fourier_series_coefficients.nb
https://www.mlwright.org/teaching/math330f19/other/fourier_series_coefficients.nb

2 | fourier_series_coefficients.nb

2.f(x) = | x|
m-= FI[x_] := Abs [x]
The sine coefficients b, are all zero since f(x) is an even function.
The constant coefficients ag is:
ne1= a[@] =1/ (2L) » Integrate[f[x], {x, -L, L}, Assumptions - {L € Reals, L > 0} ]

L
Out[«]= —
2
The cosine coefficients a, are:

n-= afn_] = Simpli-Fy[ 1/L * Integrate[f[x] *Cos[n*Pixx /L], {x, -L, L}],
Assumptions » {n e Integers, L > e}]

2 (-1+(-1)")L

Out[«]=

n2 s?

Plot of partial sum with L = 1:

np= Plot[ {f[x], (a[@] /. L—>1) +Sum[ (a[n] /. L-1)«Cos[nxPixx], {n, 1, 100}]},
{x, -3, 3}, PlotRange - {-0.5, 2}]
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3.f(x) =3x-1
mop= FIx_] :=3x-1
The constant coefficients ay is:
n- a[@] =1/ (2L) «Integrate[f[x], {x, -L, L}]
Out[«]= -1
The cosine coefficients a, are zero:

mop= a[n_] = Simplify[1 /L » Integrate[f[x] = Cos[n#Pi*x /L], {X, -L, L}],
Assumptions -» {n € Integers, L > 0}]

Out[«]J= 0

The sine coefficients b, are:
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m-p= b[n_] = Simpli-Fy[l/L * Integrate[f[x] *Sin[n*Pixx /L], {x, -L, L}],
Assumptions -» {n € Integers, L > 0}]
6(-1)"L
Outf[e]J= — ——
n st

Plot of partial sum with L = 1:

1= Plot[ {f[x], a[@] +Sum[ (b[n] /.L 1) «Sin[n*Pixx], {n, 1, 160}]},
{x, -3, 3}, PlotRange - {-5, 3}]
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4. f(x) = x?

= FIx_] 1= x"2
The constant coefficients gy is:

np- a[@] =1/ (2L) «Integrate[f[x], {x, -L, L}]
L2

Out[+]= —
3

The cosine coefficients a, are:
mep= a[n_] = Simplify[1 /L » Integrate[f[x] = Cos[n#Pi*x /L], {X, -L, L}],
Assumptions -» {n € Integers, L > 0}]
4 (-1)"L2

Out[ =
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The sine coefficients b, are zero since f(x) is an even function.

Plot of partial sum with L = 1:



4 | fourier_series_coefficients.nb

n1= Plot[ {f[x], (a[@] /. L—>1) +Sum[ (a[n] /.L-1)*Cos[n*Pixx], {n, 1, 100}]},
{x, -3, 3}, PlotRange -» {-0.5, 1.5}]
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5. f(x) =1ifx=20,-1ifx<0
1= F[x_] := Piecewise[{{1, x 2 0}, {-1, x < 0}}]
The cosine coefficients a,, are zero because f(x) is an odd function.

The sine coefficients b, are:

mop= b[n_] = Simplify|
1/L * Integrate[f[x] *Sin[n*Pi*xx /L], {Xx, -L, L}, Assumptions » {L € Reals, L > 0}],
Assumptions » {n € Integers}|

2 (-1+(-1)")
outfe]r - —————————
no

Plot of partial sum with L = 1:
mnf-j= Plot[ {f[x], Sum[b[n] *Sin[n % Pi*x], {n, 1, 80}]1}, {x, -3.5, 3.5}]
1.0p S —
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Out[«]=
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6.1(x) = | sin(x) |
For this problem, we will assume that L = 7T. (Otherwise, the integrals are messy.)
1= F[x_] := Abs[Sin[x] ]
The constant coefficient gy :

n- a[@] =1/ (2Pi) «Integrate[f[x], {X, -Pi, Pi}]
2

Out[» J=
Tt

The cosine coefficients a, if n > 1:
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afn_] =

fourier_series_coefficients.nb

Simplify[1/Pi « Integrate[f[x] »Cos[n«X], {X, -Pi, Pi}], Assumptions » {n € Integers}|

2 (1+(-1)")

(— 1+ n2> T
The sine coefficients b, are zero because f(x) is an even function.

Plot of partial sum:

Plot[ {f[x], a[@] + Sum[a[n] *Cos[nxXx], {n, 2, 20}]},
{x, -3Pi, 3Pi}, Ticks -» {Range[-3Pi, 3Pi, Pi], Automatic}]
1.0
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