Worksheet Solutions
Math 262 « 17 November 2023

1. Let X ~ Unif[-1,1] and Y = X?2.

(a) Compute E(X), E(Y), and E(XY). Does E(XY) = E(X)E(Y)?

E(x)= O, E(M)=E(X)-= j_:f-ilo\x L

i

E(XY)= &(x*)= jl Wolix = 34 =0
Yes, E(XY)= E(x)E(Y)

(b) Are X and Y independent? Why or why not?
No: the value of X determines Y.

ANOTHER EXAMPLE'- U~Un;£}_’o/2n__l, X;COS(U)’ Y:smﬁj)

I. Two standard, fair dice are rolled. Let X; and X, be the numbers that appear on the dice.
II. An urn contains balls labeled 1, 2, 3, 4, 5, 6. Let ¥; and Y, be the numbers on two balls
drawn without replacement from the urn.

2. What is the distribution of X;? How about the distribution of ¥;?

Xi and X are both uniformly distributed on 312,34 S¢S

3. What are E(Xi) and Var(Xl-)? How about E(Yl) and Var(Yi)?

E<><'> - —?—z/ E(XEY—: “lé‘(i*' (‘l+ol+lé+ZS+3Q): -Eiél—

Vor(x) = E-(F)= 2
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Since X and Y, hove the same distribution,
E(W)=%  od Va(¥)= 2=

4. What are E(X; + X;) and Var(X; + X,)?
By linearity, E(X+X.)= E(X,)+ E(x.) = 7
Since X, oand X, are {ndepeﬂde“‘L/

Vor (X, X) = Ver(3) = Var(X,) = 2>

5. What and E(Y1 + Yz) and Var(Y1 + Yz)?

By linearity, E(N+Y)=E(Y)+E(N) = 7
S'\I\CQ Y‘ 0/\4[ Y,_ are de\Pey\duﬂ»L
\ar (Yl*' \{7_\ = \/or(\f» + \/ar'(\(g + ) Cov (\(U YZ>

- 35 35 -7 56
- 92 T2 +2<’E):_:H

[ 32
_ 35 _ 1.7 _Z
(V%)= B - ECOE(M) = Z-%2= -5
Poss\b)e
\
LA
2 |2
41y E(Y, YL) = 15 (2 34+ SH+ (1B ¢ lorl2 F 2415 +18+ 20 +24 + 30)
S5 s 3
6|6 ~s T3

6. Sketch the pmfs of X; + X, and ¥; + Y,. How does this help make sense of the means and
variances that you found for these sums?
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7. Generalize to rolls of n dice: find E(X; + -+ + X,,) and Var(X; + - + Xp,).
E(X"*“'* X“\: E(X\\%—A--*-E(Xn): lzn—
by i/\c\epef\der\ce,, Vor (X\+ S X“\ = Vo ( )(3 . VOF(XV\\ _ 2=n

12

8. Similarly, generalize to choosing n balls from the urn. Find E (Y1 + -+ Yn) and Var(Y1 + -+ Yn).

Now n < 6.

Il

As before, E(Y,+--+VY.)= Lo

2

Ho»\)eveq now \/&r (\( \+-“+\{n> = %v‘”(\{'\) t 2 Z C"V(Y?z\(dy

_ 351 7 n*=n <__7_> _ 350 - T+ n H2n =70 _ T (6-n)
|2 12 12

12 2 1z -

No*e_ Yhat i€ n= 6/ the Vvarionce 1S zero.
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