Worksheet Solutions
Math 262 +« 6 November 2023

x+1 if —1<x<0,
1. Let X have density given by fy(x) ={1—x if0<x<1,
0 otherwise.

(a) Sketch a graph of the pdf fy(x).
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(b) Sketch a graph of the cdf Fx(x). Then find a formula for Fy(x).

(1

Fb) = | b ae
N 3 f&f(l-t\ At = % * l& 'lﬁl]: =

jj (1) b = [{eﬂt]_’:: §Z+o< +1

(c) Sketch the inverse of Fy(x). Then find a formula for the inverse of Fy (x).
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Thus, ‘H\e. imyerse o‘\L w= FX(XB s

(d) Write code to simulate values of X. Simulate thousands of values and make a histogram of the
results.

MaH\eMahca‘- R: S1EX—{;UE$QEEOM){
if(u <= 0.5)1

simX[] := Module[{}, return(-1 + sqrt(2%u))
} #else

u = RandomReal[];

Iffus1/2, x=-1+Sqrt[2u], x =1-5qrt[2-2u]]; }

Return[x]
1

return(l - sqrt(2 2%u))

xvals = replicate(10000, simX())
hist(xvals, freq=FALSE)

Here are sam]oie. histograms  from ’LO/ODO simulationg each:
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2. Brownian motion is the random motion of a particle, such as a gas molecule or a tiny piece of dust
floating in air.

We can simulate 1-dimensional Brownian motion with discrete time steps. Suppose that at time 0, a
particle starts at position 0. At each time step, the particle moves according to a random variable with
distribution given in problem #1. This distribution implies that the particle could move up to one unit
left or right at any time step, but it often moves only a tiny distance per time step.
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Specifically, simulate a random variable X;, which gives the position of the particle at time 1. Simulate
another random variable X,; the position of the particle at time 2 is X; + X,. Simulate another random
variable X3; the position of the particle at time 3 is X; + X; + X3. Continue in this manner to simulate

the position of the particle for hundreds of time steps.

(a) Simulate the Brownian motion described above. Make a plot showing the position of your simulated
particle over time.

Mathematica:
njs = positions = {@};
Do[

n[g]:=

Out[g]=

AppendTo[positions, simX[] + positions[-1]],
500]

ListLinePlot[positions, AxeslLabel -» {"step", "position"}]

position
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# simulate Brownian motion
pos <- c(0)
for(i in 1:100){
pos <- append(pos, pos[length(pos)] + simx())
}

plot(pos)
Tines(pos)
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(b) Use simulation to answer the question: What is the average number of time steps until the particle's
position is at least ten units from the origin?

Mathematica

n[10]:=

n[11]

Outf11]

n[14)

n[15)

timeToTen[] := Module[{pos =@, time =
While [Abs [pos] < 1@,
pos +=simX[];

e},

time +=1
13
Return[time]

]

timeToTen[]

156

tenVals = Table[timeToTen[], 1000];

Mean[tenVals] // N

out[15]= 646.943
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R:
# how much time until distance 10 from origin?
timeToTen <- function(){
pos = 0
time = 0
while(abs(pos) < 10){
pos = pos + simx()
time = time + 1
}

return(time)

}

times = replicate(1000, timeToTen())
mean(times)



