Worksheet Solutions
Math 262 « 18 October 2023

1. Let X represent the number of insurance policies sold by an agent in a day. The moment generating
function of X is My (t) = 0.45e* + 0.35e?t + 0.15e3 + 0.05e*¢, for —oo < t < oo. Calculate the standard
[T — ey — — o\

deviation of X. | Mt %2 X2 x=4
x>

Differentiote: ML) = 0.4Set + 0.7e% + 0.4S e +0.2¢"F

Thes, Mi(0) = 045 + 0.7 +04S 0.2 = .8 = E(X)

Differentiote again: (&) = 0456t & 1Yo 4 1353 « 0.9
Mg (o) = 045 + L% « 135 « 08 = Y = £(x)

Var (X) = EX)-EMX)' = 4-18%= 0.76, so 6X=\]_57Tx

2. What do you think is the distribution of X in problem 1?

et p()=04s5, p(2)=035, p(=0ls, p(4)=0D0S

Note Yhat M)((OB adds up H‘ne Pf‘okab?lﬂ'ies’
Mx(0)= 045 e® + 0.35 ¢ + 015 « 005 & =1

3. The skewness coefficient of the distribution of a random variable X is

2 3 ¢
E[(X —w)?] (X’/A) =X~ 3Xm + 3IXL -/3
¥ =—"g3
o
The skewness is 0 if the distribution is symmetric, positive if the distribution is skewed right, or
negative if the distribution is skewed left.

(a) Expand (X — p)* and use this to express E[(X — p)3] in terms of the moments E(X), E(X?), and
E (X 3). Then express y in terms of these moments.

Fiest: (X )= XP- 30w « 3K - 40
Then: E [(X '/Qz:(

(l

E(X) - BEX) e+ JE(X) A - 4
= E(X?) - 3E(REX) + 3E(R) E(X) - E(xY
= E(X) - IE(XNEX) + 2B(x)°
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Alsor o= [£() - (X
E() - 3E(X)EX) + 2E(%)?
<E(><z\ - F(XV')%

T\/\Q.r‘e 401\& Y =

(b) For each of the following random variables, use Mathematica to compute the first three
moments from the mgf. Then compute the skewness coefficient. Does the skewness
coefficient agree with what you know about the shape of the distribution?

+ X ~ Bin (10,%)

= mx[t ] := (1/2+1/2Exp[t])~10

(mx'''[@] -3mx''[@] xmx'[@] +2 (mx'[@])~3) < [his 11 the numerater
(3] Y.
outj2]= ©

Y=0, uvhich means the distribotion is symmetric

. 3
+X ~Bin(10,%)

n@r= mx[t_ ] := (1/4+3/4Exp[f])~10@
(mx'''[@] -3mx'"'[@] xmx'[@] +2 (mx'[@])"3) / (mx''[@] -mx'[@]~2)"(3/2)
[2
outdl= - .| —

Vs 7 ‘

¥ = '!l—s— <0/ <o the distribubion & skewed left

+ X ~ Geometric (3)
3
nsr= mx[€ ] := Exp[t] / (3-2Exp[t])
(mx'''[@] -3mx""'[@] *mx'[@] +2 (mx'[@])"3)/ (mx''[@] -mx'[@]"2)"(3/2)
5
V6

out[g]=

Wz_\s—s;->o, so the distribution 15 skewed r;j}\‘\‘

6

+ X ~ Poisson(4)

inf71= mx[t_ ] := Exp[4 (Exp[t] -1)]
(mx'""[@] -3mx"''[@] *mx'[@] +2 (mx'[©])"3)/ (mx'"'[@] -mx"'[@]"2)"(3/2)

N

out[8)=

\6:;'170/ o The distribotion i skewed r}jh‘f
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4. The monthly amount of time X (in hours) during which a manufacturing plant is inoperative
due to equipment failures or power outages follows approximately a distribution with the
following moment generating function:

2
-2
My (t) = <1717§> = (1-7.5%)
The amount of loss in profit due to the plant being inoperative is given by Y = 12X + 1.25X2.
Determine the variance of the loss in profit.

Mx(©) = 15 (1-254) M) =15 = (X
Mi(6) =337.5 (1-7.54)" ML (0) = 3875 = E(X?)
MO () =10125 (1-754)~ MO(0) = 10128 =E(X)

M) =271687.5 (175478 (o) = 3796875 = E(X)

E(Y) = RE(K) + 125 EQC) = 12(1) + |25 (337.5) = 60l 875

E(Y)= E(uaxt + 30 X*+ £x*) = 144(3375) + 3010l 25) + F(3196875) = s 612

Vor (Y) = E(V)- E(¥)'= 445612 - (kole7s)* = 582 358
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