Worksheet Solutions
Math 262 « 9 October 2023
1. Suppose that in a batch of 20 items, 3 are defective. If 5 of the items are sampled at random:

(a) What is the probability that none of the sampled items are defective?

o g (5,3 22 O,

F(X:D) — _,—ZO = —Zzg x 0.3494
R dhﬂ:er(o/ 3, /7/ S> S>
Mathemat ica: PDF[Hypujeomei'm‘cBFﬁrihu+20n[5, 3 20]/ O] a\

(b) What is the probability that exactly 1 of the sampled items are defective?

P(x=1) = E%(LSL - 52 = oMl

s
R dhyper (1,217 5)
Mathematica PDF[Hyperﬁeomd'ric Distribution [S, 3,20 1]// N
(c) What is the probability that exactly 4 of the sampled items are defective?
Since the population (ontains only 3 defective items:

<$mﬂ\fs )s defined 1o be zero.

P(X=4) =0 = NEE

(d) On average how many defective items will be found in a random sample of 5 items?

Find the mean of X:
M 3
EX)=ny=5%=%

(e) What is the probability that the number of defective items sampled is within 2 standard
deviations of the mean number?

Find the standard deviation of X:
Var(XS: n: LNV\‘O—— %3<%”—2—> :5"2—0< '%:)(%) - J;(j ® 0.503

53

Now Find the reztuashao( }orohak'n“]ty:
P(| K- ae] <265) = P(-0.668 < X < 2.168)

pez) < b K s ey

non mﬂam ir\+e5e,r Va lues
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3
= 0.941
R" F\/\yrer<2/ 3} 17/ 5)
Mathematica: CDF[HyperjwmeHic Distriburion [3) S, ZO]/ 2]

2. Let X be a hypergeometric random variable with parameters n, M, and N. Let Y be a binomial random
variable with parameters n and p = % How does E(X) compare to E(Y)? How does Var(X) compare
to Var(Y)?

_ﬂ\e means of X ond Y are Géuw("
F() = n &= n-p=E(Y)

The wvariance of X is  less than the varionce of Y if n-1:
Var () = n-2{1-W(8) = np(e-p (B2 ) < npla-p) = var(Y)

Se Var(X) < Nar(Y) f n>1

(I'F n=1—/ both X ard Y have ‘H'\e same  DBernoulli dfs+ribu+ion,>

3. An unknown number, N, of animals inhabit a certain region. To estimate the size of the population,
ecologists perform the following experiment: They first catch M of these animals, mark them in some
way, and release them. After allowing the animals to disperse throughout the region, they catch n of
the animals and count the number, X, of marked animals in this second catch.

The ecologists want to make a maximum likelihood estimate of the population size N. This means
that if the observed value of X is x, then they estimate the population size to be the integer N that
maximizes the probability that X = x. Help them complete this estimate as follows.

(a) What assumptions are necessary to say that X has a hypergeometric distribution?

Assume that Hhe popu’aHOV\ of animals remains fixed betueen  the  tuo
Ca*ches, and that each oanmal s e{ua”y likely fo e CauﬁH’.

(b) Let P,(N) be the probability that X = x given that X ~ Hypergeometric(n, M, N). Write down a
formula for P,(N) T
M)(N—M> assume N, M, ad N

P.(N) = P(X = 96) - (3 (N'\>-><

are kf\Ol—Jf\
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(c) Simplify the ratio -2

. Hint: use FullSimplify in Mathematica!
Py(N-1)

N is a built-in function in Mathematica, so here we use pop for the population size:

Binomizal[M, x] Binomial[pop - M, n - x] Binomial[M, x] Binomial[pop -1 - My, n - x
- Fu115:i.mp1:i.'Fy[ Ly X) - iy / (M, x] [pop 3 ]]

-M + po -n + po
o oemmoem U s ROV Unicw mpen).

p (-M-n+ pop + x)

Binomial [pop - 1, n]

Binomial [pop, n]

Thl,\s‘- P’(<N) _ (N_MBCN—YO Note that PK(I\Q z Px (N"LB
P,( (N-i) B N(NMC—M—n) i and only iF s fraction is =1

(d) Show that P—"g‘}é’g) > 1ifand only if N < 2.
B L, e e
P (N-1) N(N+#x-M-n)
W Nl— Nn = MN + Mn = N1+N9</MN - Nn
‘ RN)
£ Mn = Nx . Px(N)
. Mn - T,
# HArey T
: .
Mn
X

(e) Explain why P, (N) attains its maximum value when N is the largest integer less than or equal

to X™ What is the most likely population size N?
X

6 N=82, Fhen R(N) 2 B(N-1), so population size N s
Mo e \ikel)z than Po‘oulc&}o,\ size  N-1.

Houe\/er/ i+ N>—’\;\<ﬁ/ Hhen PX<N\<P<N-1>/ <o fopulai—»‘on size N s
less ]ikely +han Patpulai-}on size N-1.

T%us, He most Nkel/ Po‘oulwl—{on cize s the larﬁes-f— fn-]-ejer N that

s Jess  than o equal o Mxﬂ

(f)If M = 30, n = 20, and x = 7, what is the maximum likelihood estimate for N?
| N ) —

[
marked — coptured upfure_d anmals  that are marked

3009 | ge 4

= o~

7 so the estimate is N=&5.

Mn
X
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4. Urn 1 contains 100 balls, 10 of which are red. Let X; be the number of red balls in a random sample of
size 50 from Urn 1. Urn 2 contains 100 balls, 50 of which are red. Let X, be the number of red balls in a
random sample of size 10 from Urn 2.

(a) Use technology to compute the pmf of X;. Display the values as a table. Then do the same for the pmf
of X,. What do you notice?

Us)r\g Mathematica:

ing;= Table [PDF [HypergeometricDistribution[5@, 10, 100], x], {x, ®, 18}] // N

oug- {0.880859342, 0.00723683, £.9379933, ©.1130896, 0.211413, i( wl e X
©.259334, ©.211413, ©.113096, ©.0379933, 0.00723683, 0.60059342) P L

ni11)= Table [PDF [HypergeometricDistribution[l@, 50, 1@8], x], {x, @, 18}] // N

out[i1]= {©.00959342, 9.08723683, 0.08379933, ©.113896, 0.211413, _G _F ><
[oy"‘ ° 2
8.259334, ©.211413, ©.1138%6, ©.8379933, ©.80723683, ©.008059342

Tlne, ‘l’uo mecs are %e samef

(b) Change the numbers 100, 10, and 50 in this problem and recompute the pmfs of X; and X,. What do
you notice?

For example, # X~ Hypergeametric (1S, 12, 20)
ond X7_~ Hyr)erjeon«d'r?c (12, 4 S/ 80)
then Xl ond Xl ajair\ have He same P"“‘F-

(c) Make a conjecture about when two hypergeometric random variables have the same pmf.

LC X, ~ H)/f)erjeomeh’i(- <“/10/N> ond X)_"' Hyperjeomc‘i’ric(b/ a, N>/
‘H\&V\ X, and X;_ L\aue ‘H\é, Same py‘«‘p.
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