Worksheet Solutions
Math 262 « 27 September 2023

1. Let X be a random variable with pmf given by p(4) = 0.3, p(5) = 0.2, p(8) = 0.3, p(10) = 0.2.

(a) What is the expected value E (X)?

E(}Q = 4(03) + 5(0.2) +8(0.3) + 10(0.2) = 6.6

(b) What is E(X?2)?
E(®)= 4*(0.2) + 5'(0.2) + 8(0.3) + 10°(0:2) = 49

(c) What is Var(X)? Hint: use the shortcut formula!

Var (X) = E(X?) - () = 44~ 66> = 5.4

(d) Suppose the random variable is part of a game in which you win 2X — 8 dollars.
LetY = 2X — 8. What is the pmf of Y?

v | 0 2 8 12
P (5) \ 0.2 0.2 0.3 0.2.

(e) Use the pmf of Y to find E(Y), your expected winnings in this game.

E(Y)= 0(0.3) + 2(0.2) + 8(0.3) + [2(02) =52

(f) Use the pmf of Y to find E(Y?), and then find Var(Y).
E(Y7'> =0 (O. 3) + ZZ(O. 2_) & (0,3) + 12 (o_z) = 4g°§

Vor (Y) = E(Y?) - (E()" = 4.8 - (5.2)* = 21.76

(g) How is E(Y) related to E(X)? How is Var(Y) related to Var(X)? \M
V + 2 X‘g
E(Y)=2E(X)-8 and Var (Y) = 2% Var (X)

EXfed’eal value is linear, but  variance s ot '

Day9 Page 1



EXch“’eal value is linear, but veariaae i not |

<4 N
E(aX+b) = aE(X)*} Vor (aX ¢6) = 4% \ior (X
E(e () « bg(x)+c)= o EE0)+ be(y )+ Coxe, = lalox
byt v (WX +6) = E((axet}) - Efoxas)®
= E (05X ¢ 206X <b2) ~ (aE(Y4)
=z (B - EM) = a V()

Chebyshev's Inequality: Let X be a discrete random variable with mean u
and standard deviation . Forany k > 1,

1
P(|X— u| = ko) < o
In words, the probability that X is at least k standard deviations away from

) ) 1
1ts mean 1s at most 2z

2. Verity that Chebyshev's Inequality holds for the random variable X from Problem 1,
using the value k = 2. That is, check that P(|X — u| > ka) < ;15.

Note Hhat o= (S 44 = 2.23

Thus, we have'  m=6.6, =233 ad k=2

Consider: P (IX-6.6| = 2(2.33) PR
/\/\/\ /\H
— e ' D>
- P( l X —66l 2> %66) m-20=1.4Y /L:Gné m2e =(1.26

=P(X <1t & X=zil26)
=0

Sine PI%-4]220)=0, whch is less o paiey

Wwe see ‘H’la"’ Cb\el:/sl«ey’s ine&tua“l'/ holds M H\;S CaSe.
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3. The number of equipment breakdowns in a manufacturing plant averages 4 per week,
with standard deviation 0.7 per week.

(a) Find an interval that includes at least 90% of the weekly figures for the number of
breakdowns.

Apely Chebyshe's  Tnequality with k that solves 35 =01
ﬂm" 1< [(7—' JB x 3.16.

. i
/"—‘ probability < 13 Ve v
robakility > 1 -k L - L
P kabilivy 1

—_—

L 2 0.9
M‘.‘:f‘-— v o g W k?

M-ko M Mrke

Chebyshev’s  Tnequalidy Hhen cays:
P(IR-4] 2 316 (0.9)) = P(Ix-4] = 2.21)
= P(Xi 179 o X36.2|> <01
Take the complement +o Flip the inequality:
P(1.79 < X< 6.21) > 0.4

So  the interval <|.7ﬂ, 621) includes of least 902 of
‘Hw, V\umbel‘s o'(: \,Je_ek\y Ereakdowns.

(b) A plant supervisor promises that the number of breakdowns will rarely exceed 7 in a
one-week period. Is the supervisor justified in making this claim? Why?

From POF"' (“3, we see that 0L of Leeks have less  than
7 break downs.

We can do even beHer if we apply Chebyshev’s Tnequality with kes:
P(IX-4] 2507)= P(X =05 « X=75) = P(%-0)+ P(X>7) s—é’—,_

Seo P(X>7)éfg=o.o‘1.

Thus, the ysrobaloi/i*/v of more than 7 breakdouns in a  week is

not 3rea+er ‘H’\an O0.04, The SUperviswlS claim Seems Jus+1\cfed-
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BONUS: When flipped, a certain coin comes up heads with probability p. Let X be the number
of heads in n flips of this coin.

(a) What is the probability distribution of X?

X:%B :@ Px (1_)0)“‘% ’G" x=0,1,2,..,n

-
/)\ \Qrobmk{':'l‘-/ of any Po\(+iCulaf Sequénce DTC

x lheads and n-x tails

number oF Sequeaces oF % heads ard n-x tails

(b) Show that E(X) = np.

EK) = Zx@) @y = np e B oy

) l&‘l' \'\: ’)(—1

= Y\}O i’(g‘;l("\ 3 ! (l py\ X

=np Z( SECEP
Ve y\ Jl J L)lf\DW\lal ‘H‘\o,or‘em
=np (p+(2- f\
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