Counting Problems — Solutions
Math 262 « 15 September 2023

1. How many ways can you place 9 (identical) balls in 4 different boxes?

Seleet g boxes Hfrom Lf) with Pep\acemef\'}‘/ order not  important.

A+4-1 12
V\zq/ k= q number of Ways: < a )ZWCZ?_O

2. How many different dominoes can be formed with the numbers 1, 2, ..., 6? How about
if the numbers 1, 2, ..., 12 are used?

'Ckou&e- l Y\Uw\\oers -Fro/v\ 6/ \,\)iH\ ref)later/\en‘]‘/ ordec unimf)or+dﬂ+/
n (Z;E_W = (Z:) = 21 Way s

Beowbes 4,120 (M0 (5] = 78

3. How many ways can 7 identical jobs be assigned to 10 (distinct) people...

(@) ...if no person can do multiple jobs?

lo

Chose 7 o 10 Peo‘ole: (7)2 120 uays

(U.'Hmd' replacemest; ocder not inpertunt)

(b) ...if a single person can do multiple jobs?

Nou choose # of 10 people 7+10-1) i (ra) |
with rePloceme,d-, ocder not ) 7 +) = l ,L/L}O u,VS
I/“\POI‘H’\"’

4. Seven awards are to be distributed to 10 (distinguishable!) mathletes. How many
different distributions are possible if

(a) The awards are identical and nobody gets more than one?
lo
Choose 7 ot of 100 ()= 120

(b) The awards are different and nobody gets more than one?

ol
Rrmatations of T celected from 10 —lé?: £0Y4,200

(c) The awards are identical and anybody can get any number of awards?

Solection  with reflaC€,Mel\+/ order  doesn'+ matter
+10 -1 lb
C . >——(;):)\,Wo
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5. Consider the 20 "integer lattice points" (a, b) in the xy-plane given by 0 < a < 4 and
0 < b < 3, with a and b integers. (Draw a little picture.) Suppose you want to walk
along the lattice points from (0,0) to (4,3), and the only legal steps are one unit to the
right or one unit up.

(a) How many legal paths are there from (0,0) to (4,3)?
Ever/ lejﬂl Paﬂ\ ‘mvolves 7’ .S+ees/ 2) o\c which are ““f"”

Choose any 3 of the 7 sl-e'os o be “up’ in (;’3: 35 Ways.

(b) How many legal paths from (0,0) to (4,3) go through the point (2,2)?
Reosoning as before, tere are (1)=& legal pahs Frow (00) b (32)
od (=3 legal poths  from  (2,2) b (43).
Thus, there ae  6-3 = 18 paths i all.

6. A box contains 5 red, 6 yellow, and 7 blue balls. The box is stirred and five balls are
chosen without replacement. What is the probability that the 5 balls chosen include at
least one of each color? Do this in steps:

(a) Let E; be the event that no red ball is chosen, E, be the event that no yellow ball is
chosen, and E3 be the event that no blue ball is chosen. Find the probabilities P(E;),
P(Ez), and P(E3).

1%
T\nere are (5) Ways to  chosse & Eans (0 ory Cv(°"5).

T)\ere are (13> Lw‘ys +‘o CkOOSQ 5 Ea“s) None O'F NLICL\ ace r‘ed.

)
(5) s

Thus, P(EA = ('&) = —a ~ 0.1S50.
S
12
- ) (4) I

(b) Find the probabilities P(E; N E;), P(E; N E3), P(E; N E3), and P(E; N E, N E3).
E| N Eq_ 's ‘HﬂQ. event ‘Hna"f S tlue balls  are  chos en, SO

()

P(E,AE,_)= ('SXB - = 0.002

4og
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6
S'IM'\lar"y/ P(El(\ E}): ) = | = 0,000?'

S —
(g} 1423
(2)
ad  Ple,nEy)= ] " e = 00001

(c) Use inclusion-exclusion to find P(E; U E, U Es).
P(E/vEsUE,) = P(E) + P(E)+ P (Es) - P(EinEr) - P(E0 &)
"P(EI(\E3> + P(E]AE‘L ﬁE})

351

224 ~ 0.293

(d) Use the preceding result to answer the original question.

P(aﬁr least one of each c,olooB: 1 - P(_E\ VE, v E;)

= 1 - 351 _ ¥6S
1224 1224

= O0.707

BONUS: (YO\) don't need P know hoo o do Hese pro blems )
(a) How many ways can 24 students be divided into 4 groups of equal size?
2 .
C}\oo se ’H'\Q. ‘C‘lrs‘l" 3r‘ouf A ( g‘) oy s, H\a .Sccor\o\ Sl\ouf in (I§) uays,
‘H\e, H\irJ g rovp 'n (%) ways, and the fourth %po\,e i (g 3 =1 way,

Sinee te ocder of grovp selection doesn't  wmatter, the nomber of

possl\ole subdivisiopns 1S

L ED[)

‘!

= 46,197, 645, 544
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(b) What is the probability that a randomly chosen arrangement of the letters in
MISSISSIPPI contains 4 consecutive Is?

Y Ss/ Y Ls, and 2 Ps.

111
The Hotal  number of arcangemonts  of  Hhese  leHers s T 34,650,

The word MISSISSIPP]  has 11 lebers, jncduding

To €ind +he nomber oF arrarxie,man“'s with 4 onsecotive Ts, +reat He
&l
qi2.!

Lo s o s?r\Jle, block : = 40 arranﬂemer\T&

Thes, the desivad  probability s _S%D_ - EHE ~ 0.02Y4,
[
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