Math 262 — 13 December 2022
End-of-Semester Review Problems

1. Let ¢(x) = af (x) + Bg(x). Under what conditions on the constants @ and f will the ¢(x) be a
pdf for all possible pdfs f(x) and g(x)?

Swnce F and q ore (ad\fsi
)20, q6)z0, [ FfRdx=1, ad [ gbddx =1

I‘F d£(x\+£3(X\ $ oa f)o(‘pl -For all f)oss:}ole. Po(\es \C(XB and ﬂ(x>/
F must be that x 20, ,320/ and:

1= J;o (o{\C(XS + ﬁj(x\ Ax = drf(u)ﬂhc + ﬁfwﬂfx)oly —a=+f

So 0(+£= 1.

2. Let X ~ Exp(A), 0 < s and 0 < t. Since X is memoryless, is it true that (X > s + t) and
(X > t) are independent events?

MeMoryless ProPer'f\/i ?(X> s+t ) X >t> = P(X> s>
Sine P(X>s) * P(X>S+{T), We hove

P(X>s+t | Yot ) # P(X>s+t),
So Yhe events W>s+t  ad A >+t are not independent.

3. Let X and Y be iid exponential random variables with parameter A. Let (R, ©®) denote the
polar coordinates of (X,Y). What is the joint density of R and 0?

The, \')o}vﬂ' de,ng'nl/ of X and \( i< _(C(le) 1 ‘3\(*“/)

Since X ond Y are r\onne\ctod",ve, (X}\(> i< in the
'(:‘H‘S'\' a(lvao{r‘anf/ 20 O<R and Os<b ﬁ%.

As in the video on Joint ‘H‘anmformaﬁons/ the “Fransformation
theorem ﬂivas the J‘o}n?' o(ensljr/ of Rad O
(T‘ @3 ‘)C<r cos B, r-sin 9)
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4. Suppose B and C are iid Unif[0,1]. Find the probability that the roots of the equation
x% + Bx + C = 0 are real.

-Rt [R*-Y4¢C 2
The roots ace x = £ B , which are real ff R'-4YC = 0,

2
or €cLuiva|enHy, C = B: ) /)(C
T hen F(real roo“S) = P<C- < ’g) ' .2
= 2
:Hlom = Acea (R) [1
N R
L2
= Sa =L .

5. Alina makes 100 flips of a fair coin, and Dennis makes 99 flips of a fair coin. What is
the probability that Alina gets more heads than Dennis?

Let A be the nimber of heads +hat Alira ﬂeh in the first A9 {lips.
Let D ke the numbec of heads #het Demis gets in 91 flips.
Let q=P(A*D). By symmetry, 4= P(D>A) dlso.
Then P(A=D)= 1-24.
After 91 coin Flips, Alina  still 5&5 one more coin Flip.
Ths, Alina  gebs more heads than Demnis # A>D  ac (A=D and
Minas st Flip s heads).

Se- \D(A\ir\a 59"—5 more heads than Denn15> = 9" (1—21)'%—
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6. X and Y are iid Unif[0,1]. What is the probability that the closest integer to % is even?

Y -2x
(a) )\i—‘ Is clase.d’ b 2eco + %f<‘<"2/ or 2><<\{ 1 - 2
P(aX< )= e
(b) [ k s a Pos'nL}\le, imLejer, Hhen f\( is — o

. . |

closest 4o 2k if q—%_—‘<%<q—k2-+—i
Ykl X, kel <_;>g 2x N\ _ 1L

P(Z Y 2>‘P qkﬂ<\f<‘t\<-t>‘qk~: Ul

COMloir\Ms Par‘l's (a\ and (b>} We  hove

P(iﬁeﬁer closest H lyé s Q\JeY\): —L—L—+ Z(q’,\—( —qw> <— Mathematica

Can +2“ youw
— _(_ —]—__l_ i___‘_ | ’_ o ‘H\fs is
L T YRR 2 A TR -
Lt .
CTlm‘s sm o is 1-7.
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