Worksheet Solutions
Math 262 « 6 December 2022

4. Suppose that X; and X, are iid Unif[0,1]. LetY; = X; + X, and ¥, = X; — X;.

(a) Find the region of possible values of the pair (Y;,Y3).

1 1]l X Y,
ote of  the “Fransformation is linear: Y=t "
e [1 -J[xj M

Lineac +ransformations map Pamﬂe]oamms to Pat‘a“e'ojl‘ams.

The Po'wr\‘}' (X./Xﬁ lies n a square. Lets see uhere the  Fransfor mation
Maps this square:

%o 1:& V-
L (0,0) = (00) (v, %)
() 0
s \""\ ‘:er‘a (1, O) —> (:]., 1_) is in here
(12 13 — (2, O> 1
>x (O/ 13 — (1/"1>

o

(b) Find the inverse transformation functions v; and v, such that X; = v;(Y;,Y;) and X, = v,(¥;,Y,)

-1 R
Thvert the trancformation matrix: []— L _[z l}
1 -1

T
L
So X < . k ,  Which means
X.| |z =) %
\{. \{L \(,‘YL
Xz u(%, %)= 252 and X (Y, W)=
(c) Use the transformation theorem to find the joint pdf of ¥; and Y,.
du i1
Jacobian matrix: M= :J’ 2:: = IL -
S 5] |z 3
So dal) H08)EE) =L
The Jo}nf JCns'nLy of Y and Y. is
|
gl 3.) = £l 1), wlow)) - [aer O] = 1- [ 5| = &

on the Feﬂ1°'\ found i Par‘)’ (a)_
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5. Let (X,Y) be a random point in the plane, where X and Y are independent standard normal random
variables. Let (R, ©) be the polar coordinates of (X,Y). Find the joint density of R and ©. Then find the

marginal densities of R and 0. What is the probability that the point (X, Y) lies in a circle of radius 1
centered at the origin?

R"‘ \[ X'+ Y‘/ B = arctan ()'f(‘)

-rr‘amS'For mations: (X, Y) — (R) 9)

X=R'ce19, Y= R sih®
Resioni X and Y may be ony real numbers, so R=20 and 0:O<2r

:roin')' DQI\SH}J’ N(O, l} has \od‘F E—i; e_)%‘
L % 1
X ond Y are independent <o f(xl ‘/) " =¢ F=¢

- ()
{:(X/ }’) = —2%\__ e £

From the video for today, the Troncformation theorem qives
S(r,eﬁzwc(_r'aﬁe)r-sme)-r

1 — (rcos® ~+ zsiﬂle>
Thus: 3({‘)9) == (r r /2, -

r 0
3(09\ = 2. & 2 ‘Q:r >0, 0<¢0<2r

Marjina| dens<ities!
B ~ Unif [0, 2x]

20 _‘_z/ _,_7.2_ 1

6:0

2r N
- =/ - e -r
of R Sr(e): L e de = gele —EQ e rzo_j

R has a Raﬂeiﬂk distribution

Inside circle:

= 1-¢e% = 0393

r=0

P(R‘i} = jol Pe—ryzdr = —e‘r}z
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Worksheet Solutions
Math 262 « 8 December 2022

_ 1 -X4o ~X/o
1. Let X, and X, be iid Exp (). f=1e™ 6 x>0, Fh)= 1-e™ he x>0
(a) What is the pdf of ¥; = min(X;, X;,)?
)= _ n-1 _ _ Yo\ 1L Ve _ “Yhe 7/ —“//,05 _ 1 Vs
3\ (‘/ Y\[l F(ﬂ] \C(y) — 2[1 (1-6 )] (IOC )— 2.[@. ](Ioe - 5é& - y>o

| S
Y ~Exp ()x'— "s’) =
(b) What is the expected value of Y;?

E(Y)=5

(c) What is the pdf of Y, = max(X;, X)? What is E(Y;)?

()= n [F)]7#6) = 2[1- [ (% €%) = T (e7-) = £(%-e7) & y>o

E(V)=[vg(em-c) 4 = 1S

Plot[{Exp[-y /5] /5, (Exp[-y/10] - Exp[-y/51) /5}, {y, @, 30}]

PA‘FS of \{l and Y,

2. Let X1, X5, X5 be iid Exp (1—10) What is the expected value of the sample median?

SaMP\& median s Y, (n;g) 1':2)

— 3l ~ Vo L Vo 1 “VYo\| — Yo - 2/ - _3%0
Bl) = 11 [l\ey/] Le”] (5<™) _T%[l‘e/]ey/s B S(CY/S‘& ) o y>0
= -y =3v/, 25
By = [y lem-e™)y - &
3. Let X;, X5, X3 be iid Unif[0,1]. What is the probability that the sample median is between i and %?
n=3, Unit[0,1] hos pdf f)=1, cdft Fl)=x% He Osx=1
O{GV\SH'/ of 14"2, Samp le median:
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3l
)= e 7 Uo7 = Eyli) e ooyt

o M eB)= [lsrly o] - 4

g

4. Let n be a positive odd integer and let X1, X5, ..., X, be iid Unif[0,1]. What is the smallest n such that

the sample median is between 0.4 and 0.6 with probability greater than =
2

median s Y. with i= %_3
density , _ n! i-l NN n! et “—i‘i
o 6'(\/) G- (h-i) b (1-“/) = —(f‘,z-__'Tll ] (]__ﬂ

0.6
Use W‘H"@M“Hu fo U’""P"‘{_a ‘L‘( j}(y) O(y for various  n.

0.6

The swmallest oodd n such Hhat L 3:(\/\47 >"7: s n=11.

.4

5. Let X3, ..., Xg be iid Unif{0,1].

(a) Make a plot of the pdfs of all eight order statistics.
n = 8;
pdfs = Table[n! / ((i-1)1 (n-i) 1) y*(i-1) (1-y)*(n-1i), {i, 1, n}]

B1-y)7,56(1-y)%y, 168 (1-y)*y*, 280 (1-y)*y®, 280 (1-y) y*, 168 (1-y)®y®, 56 (1-y) y*, By}

Plot [pdfs, {y, @, 1}]

(b) What are the expected values of all eight order statistics?

EC) =%
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