Worksheet Solutions
Math 262 « 27 October 2022

3x2 0<x<1
0 otherwise.

1. Warm-up: Let X be a random variable with pdf f(x) = {
(a) Sketch f(x). Verify that it really is a pdf.
: F(x) 20 and

e j\m dx = j' R

S

X _”\uS) ‘F(X) s a f)d(‘r

(b) Find E(X) and Var(x).

EX)= [ x e = [2de= 3] = 3
E(XY) = [ #3¢dx = [[3ddx = 247, = 2
Var (X) = E(X)-E(X) = £-B)' = &

(c) Find an interval that contains X with probability 0.75.

area  of the  <haded rea}on ectual T,
One oPHon s to choose a=0, Then

b b
S y 1, 30 23
1= °3>< dx = X7 b
So b= 3 ~ 0.904.
pdf:
2. Let U ~ Unif[0,5]. A A N L £(wW
(a) What are the mean and variance of U? H
>————>
S | B-A o S w
s S -
(V)= Juga-huel=% =25 = 5

S
E(U)= [swsmll a2 L (0)-B-E - 2 -
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We want to find g and b to make the




(b) Let V = 3U + 2. What are the mean and variance of V?

RECALL:
E(V):= E(30+2) = 3E(W+2 = 39 +2= 9.5 o Korb) = a7 V()
Vor(V)= Ver(3U2) = 3 v () = 1(35) = 2

(c) What do you think is the distribution of V? Why?

I_-'F U s un'n‘be‘Ml/v distributed on [0,5_]/ and

inter val )ir\ear‘/v o [2,17]/ then it seems  That V=3U+2
Should be un'l\Coer)/ distributed  on ):2,|7].

we r‘escﬂe, -Hu‘_s

eBt_pAt
3. Let X ~ Unif[4, B]. Show that the mgf of X is My (t) =< (B-a¢t ift # 0
1 ift=0
Then use properties of mgfs to verify your answer for 2(c).
B R & At
1 1 1 4 e -e
M _k - tR - 6".’)( dx = e -
X(\ E(@ > R fB—A A . . Y
8 — O!\l)/ i€ t=20
- o_1 B-A
W ot-o, [ tu - Bh
1 i =0
Thusi My(f) =< B o #1e0
(B-A)t

T\I\G Mﬁ‘F O'F U \CroM Frok'em L is:

L # t=0
MV<J°): -1 i {40
5t

Since \/=3U+ 2.} 'Hne Mj‘F 'For‘ \/ is:
534) 1 7% 2t
MV({) - Msufz({) = 62{ Mu(y‘) = E’,u— QS(SJc) = & = i t+0
Molo) = & My(0)= 1

IS €

NO\’Q ‘Hnajr Mv(k\ s 'Hne, mﬂ\C Rﬂ‘ UniF[Z, [7]
Thus, Vo~ Unif[2,17],
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4. A stick of length 1 is split at a point U that is uniformly distributed on (0,1).
(a) What is the expected length of the leftmost piece?

The leftmost piece is from O +to U, <o it has ler\an Y,
and its  expected lenjH\ s E(U)- L

= 7.

(b) What is the expected length of the longest piece?

The Huwo ]engH\S ace U and 1—()’}

so the lenan of the lonjcs+ piece is MaX(U/ l-U),

‘ Jz- ! zlf 2l
) [l o = Py [ =g [4
[+ 1 o i o L
PA‘F f U N’OE: {_u it OEuﬁ‘i
Max(u 1-u)= . ey )
AW AR St SRR
-(z-g)la-1) =%

We could also approx]mﬁ’e, Hhis  resuwlt  via  simulation:
injig)= longest[] := Module[{u},

u = RandomVariate [UniformDistribution[{®@, 1}]];
Return[Max[u, 1-u]]

1

inj21]= Mean[Table[longest[], 100080]]
out[21]= ©.747895

(c) What is the expected length of the piece that contains the pointp, 0 < p < 1?

1-U & U<y,
Lej‘ LP(U)—'- '

U iF U>}o.

Thea E(LP(U)) = L\L,,(M)Au“-— f:(i-uxatuj;udw :[u- ‘—;—]P[%],:
“(p-8) (%) = prpet

Observe that E(Lr(U)) s moaximized  when )0=%_

Day14 Page 3



2
5. Let X be a random variable that takes on values only between 0 and c. We will show that Var(X) < %.

(a) Explain why E(XZ) < cE(X).
Sinee x*2ex for  xefod] E(Xﬂ = S:xlwc(d dx < L ex fdx = < E(X)

(b) Use part (a) to show that Var(X) < c¢?[a(1 — a)], where a = @

Var (X) = E(C)-E(X) ¢ cE(X) -E(X) = EX)(c-EX))
= C{_E%Q_C;f_@] = Cf[d (1'&3]
(c) Establish an upper bound on (1 — a) and conclude that Var(X) < %2.

Note  Yhat Ol\(].*oq fokes a maxmum  alug 01(:‘(% ohen A=+

ﬂ\ere‘ﬁsre, \/or(iq < [ok(l-o(ﬂ < %
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