Slope Fields

We will consider the differential equation dy/dt =y - e/t

The standard VectorPlot command doesn’t produce a very nice slope field:

n4= VectorPlot[{l, y-E~t}, {t, -3, 3}, {y, -3, 3}]
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StreamPlot[{1l, y-E*t}, {t, -3, 3}, {yv,
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The StreamPlot command gives a better picture of the family of solutions to the

differential equation:

In[7]:=
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Thanks to Jacob Vincent for finding a way to draw a slope field in Mathematica:
VectorStyle - "Segment"], {£f, {None, Automatic}}]

ni)= Table[VectorPlot[{1l, y-E~t}, {t, -3, 3},
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Euler’s Method

Given dy/dt = 2y - sin(t), with y(0)=3, we will use Euler’s method to approximate
y(1).
Using a Do loop:

mner= £[t_, y_]1 =2%y-Sin[t]

y[0] =3
At = 0.01

oufgl= 2 y-3Sin[t]
outgl= 3

outfiol= 0.01

1= Do[y[n+1] = £[At*n, y[n]] *At +y[n], {n, 0, 99}]
Note that after running the above line, y[100] contains the value of y after 100 steps, which is our
approximation of y(1).

ni21= y[100]

outizl= 20.7345

Using the NDSolve command:

in20p= Clear[y]
Y = y /. First[NDSolve[{y'[t] = £[t, y[t]], y[0] == 3},
y, {t, 0, 1}, StartingStepSize » 0.01, Method - "ExplicitEuler"]]

Domain: {{0., L.}

out[21]= InterpolatingFunction[
Output: scalar

in2s)= y[11]
outsl= 20.7345

Finding the actual solution using DSolve:

ne7= Clear[y]
a =DSolve[{y'[t] = £[t, y[t]], y[0] = 3}, y[t], t]

Out[28]= Hy[t} - % (14 e’t+Cos[t] +2 Sin[t})}}
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neoi= Evaluate[y[t] /. a /. t > 1]

1

Out[29]= {g (14 e2+Cos[l] +28in[l])}

in3o)= N[%]

ouzo= {21.134}

Plotting the approximate and exact solutions:

n31:= Clear[y]
y[0] =3

Do[y[n+1]

out32)= 3

outza= {{0.
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= f[At*n, y[n]] *At +y[n], {n, 0, 99}]
points = Table[{At *n, y[n]}, {n, 0, 100}]
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in35= BulerPlot = ListPlot[points]

20

outf3sl= 4

—T T T T T T T T T T T T T T

n36)= ActualPlot =
Plot[(14E”~ (2t) +Cos[t] +2Sin[t]) /5, {t, 0, 1}, PlotStyle » {Thick, Red}]

Out[36]=

in37:= Show[EulerPlot, ActualPlot]

20

Oul371= 49
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Using Wolfram Alpha:

In[38]:= ﬁ use Euler method y'=2y-Sin|[t], y(0)=3, from 0 to 1, stepsize 0.01

Input interpretation:

V() = —sin(®) + 2 (1)

with a stepsize of 0.01

Hide error plot

solve using Euler method
»0) =3 fromy=0to1
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Stepwise results: Less
step t v local error global error
0 0. 3. 0. 0.
5 0.05  3.31122  0.000599848 @ 0.00299791
10 0.1 3.65224  0.000663113 = 0.0066238
15 0.15  4.02616  0.000733163 = 0.0109769

More



20 0.2 4.43642  0.00081071
25 0.25 4.88683  0.000896541
30 0.3 5.3816 0.000991527
35 0.35  5.92537  0.00109663
40 0.4 6.52329  0.00121291
45 0.45 7.18104 0.00134154
50 0.5 7.9049 0.00148381
55 0.55 8.70181 0.00164117
60 0.6 9.57944  0.00181519
65 0.65 10.5463  0.00200761
70 0.7 11.6116 = 0.00222039
75 0.75 127859  0.00245564
80 0.8 14.0804  0.00271572
85 0.85 15.5079  0.00300326
90 0.9 17.0822  0.00332112
95 0.95 18.8188  0.00367249

100 @ 1. 20.7345 = 0.0040609

Butcher tableau:

1

Symbolic iteration code:

Y@ = f(t, y) =2 @) - sin(), y(0) =3
Yn+e1=Ynt ki
tiy1=t, +h
ky = h f(tn, Yn)
ky = hf(tn +h, Yn + hky)
yo=3
th=0
h=0.01
n=0,...,100

Stability region in complex stepsize plane:
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0.399488
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Re(2)
stability function: z + 1

Exact solution of equation:

1
() = g (14 €' + 2 sin(?) + cos(?))

Stepsize comparison:

3.0

absolute global error

2.0

0.10  0.15 020  0.30 0.50 0.70 1.00

stepsize
(global error at t == 1)
Method comparison:
method global error log scale comparison
forward Euler method 0.399
midpoint method 0.00269
Heun's method 0.00268

third- order Runge- Kutta method 0.0000134
fourth- order Runge- Kutta method =~ 5.36 x 1078
Runge- Kutta- Fehlberg method -2.16x 1076
Bogacki- Shampine method 5.72x 1077

Dormand- Prince method -6.39%x 1078
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backward Euler method -0.419
implicit midpoint method —-0.00136
(global error at t = 1)

Mathematica input:

NDSolve [{y'[t] == -Sin[t] + 2 y[t], y[0] == 3}, vy,
{t, 0, 1}, Method-> {"FixedStep", Method -> "ExplicitEuler"},

StartingStepSize -> 0.01, WorkingPrecision -> MachinePrecision]

WolframAlpha



