MATH 126 A/B — 19 MNov. 2025

REcﬁ;u;L- £(xy)
Ws{k s the rate F c’\al\&&s i 'Hte, d-‘rec-f""'\ <"0>-
%%:f, is the rate £ choges In the direction (0,1

RATe OoF CHANGE IN A GIven - DiRecTIoN

Choose o ~direction, ﬁ}ven by a vector Q.
We wont to kaow ‘the rate af which 2=+(x,) changes in “that direction.
That 7s¢ What is a2 if we mowe 1L unit in the T-direction$
Tmportant’ - Make @ a unit vector. TF |gl#1, use 1%[' instead.
Agsw«:nj & now has leA3+L 1, He rate af which f (,‘\anags In
We = G- direetion is called  the directional derivative of £ in the
U -direction and is densted D¢F(X/7).
How is it caleulated ¢
g=4{a,&) is a  unit vector

Thent [Da#Cor) = hlea)a + £() b

DEFINITION: The grodieat of € is the vechr XA,
Notation: W 'P (xly) or V ‘F

SD, U&:lj i'lds hd‘aﬁont Da“F()(,y) = V'F(x/y) 03

THEOREM: V((X/y) points in the direction of steepest oscent,

ond  He slope ia that direction equals the {e,\_gil\ of
'H\L Grao(:'eo\"’ vector.
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Directional Derivatives

1. The wind chill function w(7,v) is on the screen again. As we did last week, focus on the
entry corresponding to 7' = 10 and v = 15. That is, w(10,15) = —7.

Recall from last week:

If AT =5, then Aw = 7. So, an estimate for the partial derivative in the T direction
is wp(15,20) ~ L.

If Av =5, then Aw = —2 . So, an estimate for the partial derivative in the v direction
is wy(15,20) ~ —2.

AW
What is your best guess for the-rate-that—w-changes if AT =5 and Av =57 <3 Both variables

change!

Aw = a(i5,20) - w(lo15) = -2-(-7)= 5

AN

What is your best guess for the-rate-thet—w-ehanges if AT =1 and Av =17
This is  ope-fifth the ckanje, in both variables as ia f)ar}- (),

<3 Both variables
change!

w(s22Y - (ors) 5

it seems that AW = 5 = = =1

Seo
Milo: Hey Jade, wr(10,15) is really a rate of change!

Jade: It sure is, a rate of change, Milo! That means we can think about it like this:

Aw  w(15,15) — w(10,15)
AT 5

wr(10,15) ~

_ w(15,15) — w(10,15)
" the distance between the points (T,v) = (15,15) and (T,v) = (10, 15)

Group chat: Why is the previous fraction actually equal to %? v

NUMERATOR: M Qs,ls)_u (lo,15y = O-(3)= 7

DENOMINATOR:  the distance behween (15,15) and  (io,rS)

. . — —>T
1S 5/ as shoun in the diadrnm aF F:th ‘ lo ITS-
Milo: Could we also talk about a rate of change in the direction where AT =5 and
Av =57
Jade: We sure can! In this case, our fraction becomes:
w(15,20) — w(10,15)
rate of change =
the distance between the points (7, v) = (15, 20) and (T, v) = (10, 15)
Group chat: What is this new fraction equal to? V4
20T o
NUMERATOR.  w(IS;20) - w(0,1s)= -2-(-3)=5 é R
60
DENOMINATOR: the distance letueen (15,20) and (Io,15) sl o
s 8582, as shown in the d-'n:lrnM ot "'"jH
- T
5 1 lo IS
Thos, the rate of change is -3—’(-2:' = —\r’z__ ~ 0.7

M Stop and wait for further instructions. While you wait, discuss: Would it make sense to
talk about the rate that w changes for other combinations of AT and Av?
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2. What is the rate at which f(z,y) = 222 + y? — 5 is changing in the direction u = (3,4) at
the point (z,y) = (1,3)?

Portial Derivatives:
TS G & oait vectr? Noo [al={3%¢2 =5

& [ 304 b = fy= 2y
So rescale: l_i'A'T = "5"<3,q> = <?, _5'> ‘Cx(l|3§= 1(=4 -Fy(l,fi) =2(3) =6

Thes, the rote of change is Daf(i3)= 5+6%L =72
3. Milo: WOW! We have a formula for the directional derivative when u is the unit vector
(a,b):
Duf(z,y) = falz,y) -a+ fy(z,y) - b.
Jade: Milo, look!! Dy f(x,y) is the dot product of two vectors!
Group chat: Which two vectors is f(x,y) - a+ fy(x,y) - b the dot product of?

folwy)-at fy(ay) b= (§,(ey) Hyloy) ) a o b )

Milo: One of those vectors is u. The other vector must be important, so maybe we should
give it a name?

<‘cx(>‘l>’)J 1[y (Y;y)>- Is  the 3r‘aalu‘ef\+ vector, denoted V‘F(X/y)_

4. Jade: Hey, do you remember the formula v+u = |v||u| cos(6)?
Milo: I sure do! Let’s try to apply it to Dyf(z,y) = Vf(z,y) - u.

Jade: OK, if we substitute the vectors into the formula, we get

Duf(z,y) = Vf(z,y)-u=[V[(z,y)|[u] cos(8).

What good is that?

Milo: Well, we know |u| = 1 and we know |V f(z,y)| is some number. So, Dy f(z,y) is as
large as it could possibly be when cos(#) equals 1.

Group chat: What angle § makes Dy f(z,y) as large as it could possibly be? What does
this mean about the vectors V f(z,y) and u? ©=2er0, so vectrs G and VFlxy) have the same dlireckon

The steepest rate of C_Aande, is in the direction of fhe sraal.'aAJr,
and  this  rate of change s the leaghh (MaﬁnHuJeB of the gradieat vecthr.

Group chat: What angle § makes Dy f(x,y) as small* as it could possibly be? What does < *Negative numbers

this mean about the vectors V f(x,y) and u? ©=18°, seo vechrs U oad 9(ey) "t";z'n”(‘) fact, smaller

hove ouos;ﬂ. Hdirectinas
The rate of 54—eepes+ desceat s W the
direction D\QPLH‘% the Graaliud‘ vector.

5. Let f(z,y) = zy + 222 — 3y. On the graph of f, what is the direction of the steepest slope
at the point (2,1)? What is this steepest slope?

V‘IC(XIV); <\[;r(x,y)/ -(;(x,y)> = <»\/ +fo, ')(—3>
vf(21) = (1440, 2-3) = {4,-1)
Steepest  <le
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