MATH 126 A/B — 1Y Nov 2025

FIRST PARTIAL DERIVATIVES

€ 'F(X,\/\ is a Fuaction of +uwo variables, then

'Fx=%fx— ﬂ'.ves the .SloPe, of ‘\'W\jcld' lihes 4o the ﬂrapk o'( -F

n the x-direction, and 'F,-‘—%;’ ﬂiveS the S'o’se of

‘l'oaoa\')' eSS 4o the SMPL of £ in the y—direc‘Hon.

SecoNd PARTIAL DERWATIVES
I'F 'F(X»/\ S a ‘Fuuc-l'ion

of  tuo variobles, there are

‘F}“.'.' ways to  take second derivatives of £

T ) .
'Fxx = ('Fx)x = -69;'()_":_) —_ ,a_‘, -— Conc,a\j,-}y in Yhe

S x? X- direction
]

d concavity in the
LR y- dl'l‘ec‘HM\
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Second Partial Derivatives

1. Sketch the graph of a function z = f(z,y) whose derivatives f, and f, are always positive.
Can you give an e_:gxample of formula for such a function?

EXOMHLS"
N 2=x+7y 2 = X*2
Ll
= ex"'ey
% +
2=2""7

14

2. Sketch the graph of a function z = f(z,y) whose derivative f, is always negative and whose
derivative f, is always positive. Can you give an example of formula for such a function?

ExamPles’-
Z2 = —X+ 7 2 :l:—x—

2= - +ef

3. Let f(z,y) = 2% +4ay +y? —4x+ 16y + 3. Find all values of = and y such that f.(x,y) =0
and fy(z,y) = 0 simultaneously. How would you describe the graph of f(xz,y) at these

points? . ,
1Cx =2x+qy—‘{ and 4}‘—lf><+2,v+lé X= an y:‘{
{K:O feans 2k+qy—l‘{=0 '(:‘/ = O wmeans L‘lXi—Zy +’é=0 A'\' (—6/ L{\) 'H\C srﬂfﬂ\

X=2-2y y:-Zx—g of £ hag "’mq&{- lines with
S\Qf:e, 2ero 1A Lﬁt“ the

%x- ond y-directions.
4. Chloe: In Calculus I, we learned about more than just the first derivative f’(z). We also
learned about the second derivative f”(x).

Bastian: I bet there are second derivatives in Calculus II, too! If you start with a function
f(z,y), you can take a partial derivative and then take another partial derivative!

Group chat: If you start with a function f(z,y), how many different ways can you take

a partial derivative and then take another partial derivative? < There is more than
one way!

FO ur: ‘Fxx, ‘Fyyl ‘(‘7’/ a'\d 'Fyx .

Chloe: OK, so if you take the partial derivative of f(z,y) with respect to x, and then take
the partial derivative again with respect to x, what does that tell you about f?

Group chat: How would you answer Chloe’s question?

The second partisl  derivative 6 tells you Yhe concavity  of
-HM, T-afk O‘F ‘F‘ in the x—d\‘rgokoh.

Bastian: That makes sense. But what do the other second partial derivatives tell you
about f?7

Group chat: How would you answer Bastian’s question?
-FYY tells you He c,—»cam/ n the, 7_4.'ru,+ion.

,f-xy tells you how the sfoP& n Ythe )l—d‘:‘l‘cuhan c’\ﬂAS&S when you MoVl A e y—d"{ao“m-

{y)f Lells you how -}k, _5|°P(, in the ¥- divection chnau when you Move in the x-ditection.
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5. Find all second partial derivatives of f(x,y) = 3xy? — 2y + 52%y>. Does anything surprise
you about these partial derivatives?

«FX: ?)yt‘r' IO)(yz' zfy: gx)/ - 2 + IOXZ/
o

[0,* _ d
14 ‘CY‘/ = {x + 10x

‘FXY = 6\/ '{’ZO XY Qﬂ) ~(:7)(: 67 “+ 20)(7

6. Find all second partial derivatives of g(x,y) = y/22? + y2. Does anything surprise you about
these partial derivatives?

4 = LoV (@) = x (o™ 4y = L () (2) = y ()™
) - -4 | 2 2 -x

Qo = 1 (ot %+ % (%) (et () Jw = 1(xy?) "+ y )0y (2
- (KI‘YL) - xz - yt ( 1., 1) - y‘)_ 2

(eyt) (xtey?)* - X(xz*)"\”l . (.x‘)*(r‘)”‘

. . -3 xy SAME! _ ~ -y Zz
v = x(ji)(_x +y” /: (Zy) = W &—> ﬂyy =y ({)(xuy") (2}') = (y'*«y‘)%

7. Find all second partial derivatives of h(x,y) = e” tan(y). Does anything surprise you about
these partial derivatives?

hy

e* +anly) hy = e sec'(y)

i

e” tan (\/) Nyy ¥ (2 secly)- secly) T (\/)) = D e* selly) tan ()

|
hyy = € se2 () < SAME! hyy = € secz(y)

Ny

8. How many second partial derivatives are there for the function f(x,y,z) = ye* + zln(z)?
Which ones do you think will be equal? Then compute these partial derivatives to check
your hypothesis!

e ial
F;:NE::&:: ‘F)f = yex + ]r\(}) 'cy = e 'F; = X"é_ = 2;—

Second Pwh‘ol 'FXx =

NboTE: —,C
derivatives '

ye - 1£17
by Clairevt’s Haeorem.
Tt's a coincidence

Hat 'Fyy is alse equal
'l'b 'Fy! al\d ‘c!)’ )\lrf..
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