MATH 126 — 12 Oct 2025
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Series: Comparison and Ratios

1. None of the series below is a geometric series or a p-series. However, ech one is
roughly equal to a series that is a geometric series or a p-series. For each series below,
find a geometric series or p-series that you think is “roughly the same?” as the given
series. se ooy HINT: Think

W‘\en N ois ‘Auae.'- dieges about what is truly
00 . ralS o0 diverges “dominating” each
1 ( ( A“’U n—+ 1 imil +o i-|—— numerator and each
(a) Z n2+1 n+ = _VF'_ (d Z n2 simler Per A denominator when n
n=1 n=2 which alim-ge; is really, really huge.
ser.eS
'r\,.;sb
S
be ot Vike e 1 [ 1\"630 0 2" 4 n 2 [2\0 .
o | (b) Z | ~ U’(e) Z Similac P Z (—§> , which s a (‘.oA\/UﬂM'f'
~ T =
ﬁ, — n?—1 nr—1 n p—t 3n n=2 Swmﬁ?c series (r= -;-)
nzt - -
eJ A=
W =
Wie [ele} 1 dﬂ!uﬁe;oo 1+3n oo 2\N . +
DY 05 A Gt b Z(EY, it s o b
St -n pton n* " 2nn® " Geonetric series

& S T 3" DNE N
: ; = o Hi ies
> Divergence: Test !L"Q«; > o 20, s d‘w;;f”

Now, based on your intuition, can you figure out which of the series above converge
and which diverge?

2. LookattheseriesZan:Z :—+—_|_—_|___|___|_

Z /2\" 2 4 8 16 32
o o 3 9 27 81 243

a
(a) Quick! Calculate the ratios: —, —, —, —, —, —.

ntl
Qi (3-) 2
(b) What is lim (a"“)? CH -2

n—o0 an,

\fm ( Qo ) I M = = =
hoeo \ A an 3 3
3. Let’s keep finding ratios of consecutive terms of a series! Now the series is
2\" 2 4 8 16 32
L, = -] ==4+2--+4+3- 4- 5 —
%@m)ﬂ‘ Za nz (3) TR T I TC

What is a formula for

a a
"9 What is lim < n+1)?

anp, n—00

Ansl . ("“3 (E)MI = |im ﬂ(—z—) = £

|I'M — = |im

n-> Qq N0 (3) h- o9
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[e.9]

2 n
4. Milo: I am bummed, Delphine. The series Zn <§) is not a geometric series. 1

n=1

don’t know what to do!

o0 2 n
Delphine: It’s not so bad, Milo! The series Zn <§) behaves a lot like the
n=1

oo 2 n
geometric series Z <§> .
n=1

Group discussion: What do you think Delphine means by “DehayessaulQllikel”
oo 2 n

Do you think Z n (—) converges or diverges?
n=1 3

Ln the \oﬂj run, each term s very ne"(y %3— times the previovs term; g0
fhis  series  behaves like the qeemetric  series ,.8(}33'\

5. Group discussion/intuition: For what values of  do you think E n-r" converges? < You just did the
problem for r = 2

[r] <1
: =1
6. Let’s try to use the ratio test to figure out whether Z — converges.
n!
n=0

(a) Write down some formulas, then simplify the ratio as much as possible:

_
N e (n+1 = [y
Ap+1 _ (_,‘;l 1 — y\! - = n (n—l)(n’zj -ee (3)(2') (l) — /
tn Y (ne)? (n)(x) (p~ 0N/ @A) n+l

(b) Now take the limit as n — oo:

. Ap41 [
1 = ) —_—
Jm 2= lm 5= O
) =1 , i Qani | _ O<1
(c) What does the ratio test tells you for the series E E? Siace h;"’; an | /

n=0

|
‘Hm‘s series (,owe,rdes.

7. Try to use the ratio test to determine whether each series converges.

oo !

; is lios thow 4
2" on Qny . . oM 2 Since  this it s less ”
() Zﬁ Qn="nT i‘j"}‘ 2 i’i’; P =h‘;’:, Gy 28 li:., o =0 the series COMVERGES
: ' n!
n=0
L AR T
©  92on+1 nel (a2
(b) n-2" _ ﬂl 2 I, Onu | _ | el . (41\7:2'”7“ 2 _ l 2(""’) - z
3n = 5“ n;’; aa _,\Lﬁ; nr 2" |'M ’_311_— p-2™t o M 2. 2
na2s
=0 = Since Huis it s less  then 1/ the Series COA)\KRGES
ZOO o)
(C) \/ﬁ a _ \lT\_ ,‘M aml _ |M n+2 \\ (ml) \EVH:[ ‘ f\\lﬂ-ol 1
nc - — |z I ————— = |imn =
=1 n + 1 n- naoo| Aa nAoe Iy no0 (n“\ \‘_K' n2ee N (n
nel .
Since  Hhis limit s e‘l'”' + 1, the ratio test
- n! { is INCoNcL USINE for this  series!
d E — n.
(d) 10m On= T
n=1 . Qnet _ ll'f"\
S o] =
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